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1. INTRODUCTION 
Mitchell [3] proved that if X is a compact convex subset of a Banach 
space, and 1 is a left reversible semigroup of nonexpansive self-maps of X, 
then X contains a common fixed point of 2. In this note, we observe that 
Mitchell’s theorem can be generalized to the case of a compact metric space 
X with some property. The proof employs suitable modifications of 
the methods of DeMarr [l], Kijima-Takahashi 123, Mitchell [3], and 
Takahashi [4]. 
The author wishes to express his hearty thanks to Professor W. 
Takahashi for many kind suggestions. 
2. FIXED POINT THEOREM 
THEOREM. Let X he u compact metric space with metric d, and suppose 
that ,for each pair .Y, y E X there exists r E X such that 
d(r, u) d 
4x3 u) + d(y, u) 
2 
for all u E x. 
[f Z is a left reversible semigroup qf nonexpansive self-maps of X, then X 
contains a common ,fixed point of 2. 
Proof: A Zorn’s lemma argument establishes that there exists a minimal 
Z-invariant nonempty admissible set A G X. A subset of X is said to be 
admissible if it is an intersection of closed spheres. We note that A has the 
remarkable property that if .Y, y E A, and z E X satisfies the inequality (*) 
for all u E X, then z E A. 
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A second application of Zorn’s lemma yields that there exists a minimal 
I-invariant nonempty compact set CE A. Since 2 is left reversible and C is 
minimal, TC = C for all T E 2. 
Suppose C contains more than one point. Then we shall show that there 
exists UE A such that sup,,( d(a, x) < diam C, where diam C is the 
diameter of C. 
A third application of Zorn’s lemma yields that there exists a maximal 
set (co, c, ,..., c,,}~Csuchthatn>l andd(c,,c,)=diamCforO<i<jdn. 
Now we can choose u,, a, ,..., a,, E A such that 
d(u,, u)< d(ca, u)+ d(c,, u) 
2 
and 
da,, u) < d(a,-, , u) + d(c,, u) 
2 
(k = 2, 3,..., n) 
for all u E X. 
We shall show that suprc (. d(a, X) < diam C, where a = a, E A. Since C is 
compact, we can find c E C such that d(a, c) = SUP.,,~ d(a, x). By the 
maximality of {co, c, ,..., c,, }, d(c, , c) < diam C for some k. Therefore 
d(a, c) d @(a,, , , cl + @(cm c) 
<$d(a,,--1, c)+$d(c,,-,> c)+fd(cm c) 
+ ... +~d(c,,~,,c)+~d(c,,c) 
< diam C. 
Now we define B = A n [n.\.Ec. B(x, r)], where r = sup,, c d(a, x) and 
B(x, r) is the closed sphere of center x and radius r. Since A is admissible 
and a E B, B is a nonempty admissible set. Since C is compact, we can 
choose x0, xi E C such that d(x,, x,) = diam C> r, which implies that x0, 
X, $ B and B is a proper subset of A. 
We shall show that B is I-invariant. h E B is equivalent to the condition 
that h E A and d(b, x) < r for all x E C. Since A is z-invariant, Th E A for all 
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TE 2. We note that TC= C for all TE 2. For any x E C and TE 2 there 
exists y E C such that Ty = x. Therefore 
d(Th,x)=d(Th, Ty)<d(h, y)<r, 
which implies Th E B. 
We showed that if C contains more than one point, then B is both a 
X-invariant nonempty admissible set and a proper subset of A, which 
contradicts the minimality of A. Hence C is a singleton, which proves the 
theorem. 
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